1. Introduction {#sec1}
===============

All porous materials deform upon adsorption of fluids.^[@ref1]^ This phenomenon was already reported nearly a century ago^[@ref2],[@ref3]^ but found increasing scientific interest in recent years due to the refinements of experimental and computational approaches in this field. For most porous materials adsorption-induced deformation does not exceed the order of per mill in terms of volumetric strain. Nevertheless, similarly to adsorption isotherms, experimentally measured *strain isotherms*, i.e., the sample strain as a function of the adsorbate gas pressure, contain valuable information about the pore size distribution^[@ref4],[@ref5]^ and mechanical properties.^[@ref6]−[@ref9]^ Furthermore, there have been first attempts to utilize adsorption-induced deformation for the development of actuators.^[@ref10],[@ref11]^

Currently, there are two fundamentally different approaches to measure strain isotherms experimentally. The first is the determination of adsorption-induced strain on the macroscopic scale by in situ dilatometry^[@ref3],[@ref6],[@ref12]−[@ref20]^ or in situ ellipsometry^[@ref7],[@ref21]^ techniques only applicable to materials available as monoliths of sufficient size or thin transparent films, respectively. The second approach is the investigation of adsorption-induced strains on the microscopic level of the pores or the nonporous backbone by scattering techniques such as small-angle X-ray scattering (SAXS)^[@ref8],[@ref22]^ or X-ray diffraction (XRD);^[@ref23]^ except for large deformations,^[@ref24]^ this approach requires materials with ordered porosity or crystalline substructure exhibiting clear scattering peaks, whose shift can be interpreted as strain. Examples where both techniques can be applied to the same material are very rare;^[@ref25],[@ref26]^ however, the available results clearly indicate that adsorption-induced deformation is not necessarily an isotropic effect but (depending on the sample's structural and mechanical properties) may be significantly anisotropic. This finding is also supported by a recent dilatometric study on a thin membrane with oriented mesopores.^[@ref27]^

With respect to the theoretical understanding of adsorption-induced deformation, a considerable number of studies were performed in recent years, e.g., refs ([@ref4], [@ref5], and [@ref28]−[@ref50]). One of the prevailing concepts in these studies is the adsorption stress approach proposed by Ravikovitch and Neimark;^[@ref29]^ it was used to elucidate the specifics of adsorption-induced deformation of zeolites,^[@ref29]^ carbons,^[@ref5],[@ref34],[@ref39]^ metal--organic frameworks,^[@ref40]^ and mesoporous solids.^[@ref38],[@ref43]^ Although the adsorption stress approach was instrumental for revealing the mechanism of adsorption deformation in pores of different size, it was tacitly assumed that the sample deformation is caused by the stress oriented normal to the pore walls. Contrary, the change of the adsorbent's surface energy during the adsorption process causes tangential stress in the pore walls; this effect is commonly known as *Bangham's effect* or *Bangham's law* (see original work^[@ref51]^ and additions^[@ref49],[@ref52]^). With this in mind, the adsorption stress model correctly describes the isotropic pore geometry of a sphere, since there stresses orientated normal and tangential to the pore wall are unequivocally correlated. However, for anisotropic pore geometries such as cylindrical or slit-shaped pores, tangential stresses and normal stresses need to be individually addressed. For the particular case of cylindrical pores, one should therefore expect two different deformation components: one oriented in the radial plane of the pore as predicted by the adsorption stress model,^[@ref38]^ and another and likely different one in the axial direction of the pore. Support for the concept of anisotropic stress in nanopores was also given by recent computational studies on the adsorption in micropores.^[@ref53]−[@ref57]^

Given the experimental and theoretical evidence for anisotropic stress in nanopores two questions arise: (i) what kind of adsorption-induced deformation should one expect from an anisotropic pore geometry, if stresses oriented normal and tangential to the pore wall are properly considered? (ii) how should experimental data on adsorption-induced deformation be analyzed, if the sample investigated exhibits anisotropic pore geometry? In this work we aim to answer these questions for the particular case of a hierarchical structured porous silica with well-defined cylindrical mesopores ([section [2.1](#sec2.1){ref-type="other"}](#sec2.1){ref-type="other"}), whose deformation during N~2~ adsorption at 77 K was measured by in situ dilatometry ([section [2.2](#sec2.2){ref-type="other"}](#sec2.2){ref-type="other"}). The key of our proposed approach is the extension of the adsorption stress model for cylindrical mesopores with calculation of radial and axial stresses within the framework of Derjaguin, Broekhoff, and de Boer theory ([section [3.1](#sec3.1){ref-type="other"}](#sec3.1){ref-type="other"}).^[@ref58]−[@ref60]^ The calculated stresses serve as input quantities for mechanical modeling of mesoporous structures ([section [3.2](#sec3.2){ref-type="other"}](#sec3.2){ref-type="other"}). Here we consider two structural models: (a) simplistic model of an individual cylindrical tube and (b) 3D array of hexagonally ordered cylindrical pores typical for MCM-41,^[@ref61]^ SBA-15,^[@ref62]^ or hierarchical structured silicas.^[@ref63]^ The latter model is investigated by three-dimensional finite element calculations. Finally, the proposed theoretical approach is applied to the experimental data ([section [4](#sec4){ref-type="other"}](#sec4){ref-type="other"}).

2. Experimental Methods {#sec2}
=======================

2.1. Model System---Synthesis and Characterization {#sec2.1}
--------------------------------------------------

The model system investigated in this work is a hierarchically structured porous silica monolith prepared as a macroscopic cylindrical rod via a sol--gel processing of tetrakis(2-hydroxyethyl)orthosilicate following the protocols given in refs ([@ref63]) and ([@ref64]). In the gel state the inner surface of the sample was treated with trimethylchlorosilane (TMCS) and subsequently dried under ambient conditions. Then the sample was calcined at 500 °C for 10 h under ambient conditions to remove all organic components and finally sintered at 950 °C for 15 min at ambient atmosphere to remove microporosity while preserving the mesoporosity. The removal of the microporosity is essential, since microporosity was shown to potentially affect adsorption-induced deformation over the whole relative pressure range even when micropore filling is essentially completed.^[@ref4]^ The sample preparation described above is one of very few successful approaches to a material exhibiting well-defined cylindrical mesopores and being available in monolithic form, which is required for in situ dilatometry measurements of adsorption-induced deformation. The sintered sample was investigated by scanning electron microscopy (SEM) (Ultra Plus, Carl-Zeiss NTS) and N~2~ adsorption analysis at 77 K (ASAP2020, Micromeritics). Furthermore, the macroscopic density of the sample ρ was determined after degassing at 110 °C for 1 d at gas pressures below 10^--3^ mbar. All characterization results are summarized in [Table [1](#tbl1){ref-type="other"}](#tbl1){ref-type="other"}. SEM images of the sample investigated ([Figure [1](#fig1){ref-type="fig"}](#fig1){ref-type="fig"}) show a disordered macroporous strut network ([Figure [1](#fig1){ref-type="fig"}](#fig1){ref-type="fig"} left) with the struts containing highly ordered cylindrical mesopores arranged on a hexagonal lattice ([Figure [1](#fig1){ref-type="fig"}](#fig1){ref-type="fig"} right). The N~2~ adsorption isotherm of the sample was analyzed by the BET theory^[@ref65]^ for the specific surface area *S*~BET~ and by the Gurvich rule^[@ref66]^ for the specific mesopore volume *V*~Gurvich~ yielding an average pore diameter *d̅*~meso~ = 4*V*~Gurvich~/*S*~BET~. Additionally, we calculated the density of the mesoporous struts via ρ~strut~ = 1/(*V*~Gurvich~ + 1/ρ~solid~), the porosity of the mesoporous struts ϕ~strut~ = *V*~Gurvich~/(*V*~Gurvich~ + 1/ρ~solid~), and the porosity of the macroporous network ϕ~network~ = 1 -- ρ/ρ~strut~. For the density of the nonporous solid ρ~solid~ we used the value reported in literature for silica sintered at 1000 °C, i.e., (2.1 ± 0.1) g/cm^3^.^[@ref67]^

![SEM images of the model system on different length scales.](la-2017-004687_0001){#fig1}

###### Summary of Structural Parameters of the Model System Investigated[a](#t1fn1){ref-type="table-fn"}

  ρ \[g/cm^3^\]   *S*~BET~ \[m^2^/g\]   *V*~Gurvich~ \[cm^3^/g\]   *d̅*~meso~ \[nm\]   ρ~strut~ \[g/cm^3^\]   ϕ~strut~ \[%\]   ϕ~network~ \[%\]
  --------------- --------------------- -------------------------- ------------------ ---------------------- ---------------- ------------------
  0.525 ± 0.029   203 ± 5               0.24 ± 0.01                4.7 ± 0.2          1.40 ± 0.05            34 ± 2           62 ± 4

That is, the density of the monolithic sample ρ, the specific surface area *S*~BET~, the specific pore volume *V*~Gurvich~, the average mesopore diameter *d̅*~meso~, the density of the mesoporous struts ρ~strut~, the porosity of the mesoporous struts ϕ~strut~, and the porosity of the macropore network ϕ~network~.

2.2. In Situ Dilatometry {#sec2.2}
------------------------

The in situ dilatometry measurements were performed with a setup consisting of a commercial adsorption instrument (ASAP2020, Micromeritics) and a self-designed sample holder with a built-in dilatometer. Details of the setup are given in refs ([@ref5], [@ref20], and [@ref26]). It provides the common adsorption isotherm complemented by a strain isotherm ε~dil~(*p*/*p*~0~), i.e., the relative linear length change of the monolithic sample as a function of the relative gas pressure *p*/*p*~0~. The absolute accuracy of the dilatometric setup is about ±0.2 μm corresponding to a strain resolution of ±1.7 × 10^--5^ for the sample of length *L*~0~ = 1.2 cm investigated in this work. Prior to the measurement the sample was degassed at 110 °C for 1 day inside the sample holder to avoid contact of the sample with the ambient atmosphere between degassing and measurement. The analysis gas used was N~2~ of purity 5.0. During the measurement, the sample holder was placed in a liquid nitrogen bath and the respective saturation pressure of the analysis gas was measured at regular intervals.

3. Theoretical Methods {#sec3}
======================

3.1. Adsorption-Induced Stress {#sec3.1}
------------------------------

When fluid is adsorbed inside a pore, it exerts pressure on the pore walls and causes deformation of the solid matrix, i.e., the nonporous solid backbone. To quantify for this effect, Ravikovitch and Neimark^[@ref29]^ introduced the volumetric adsorption stress σ~a~ defined as the derivative of the grand thermodynamic potential of adsorbed fluid, Ω~a~, with respect to the pore volume, *V*~p~, at given temperature *T* and adsorbate chemical potential μ:

The grand thermodynamic potential of the adsorbed fluid, Ω~a~(μ,*V*~p~,*T*), is related to the amount adsorbed *N*~a~(μ,*V*~p~,*T*) by the Gibbs equation,^[@ref68]^Here μ~r~ is the chemical potential of the reference state that defines relative strains and respective stresses. The standard reference states are the *dry* state at μ~r~ → −∞ and *wet* or saturated state at μ~r~ = 0; the chemical potential is reckoned from the state of liquid--vapor equilibrium at given temperature. Assuming that the bulk adsorbate behaves like an ideal gas at experimental conditions μ = *R*~g~*T* ln(*p*/*p*~0~) holds with *R*~g~ the gas constant, *p* the gas pressure of the adsorbate, and *p*~0~ the respective saturation pressure.

In this work, we consider adsorption-induced deformation of materials with geometrically well-defined and ordered cylindrical pores. The cylindrical shape implies inherent anisotropy of the stress tensor, and in order to account for this anisotropy, we have to differentiate between the radial (normal) σ~a,⊥~ and axial (tangential) σ~a,∥~ components of the adsorption stress tensor, which for the cylindrical pore of radius *R*, length *L*, and consequently volume *V*~p~ = π*R*^2^*L*, are defined asWhile the adsorption isotherm and, respectively, the grand potential depend nontrivially on the pore radius, the length of the pore, which is assumed to be significantly larger than the pore radius (*L*/*R* ≫ 1), does not affect the fluid density, so that Ω~a~(μ,*V*~p~,*T*), is proportional to *L*. As such, [eq [4](#eq4){ref-type="disp-formula"}](#eq4){ref-type="disp-formula"} can be transformed into

[Equation [5](#eq5){ref-type="disp-formula"}](#eq5){ref-type="disp-formula"} implies that the pore wall deformation in axial direction does not affect the adsorption potential and, respectively, the density of adsorbed fluid. For a discussion of the limitations of this assumption see a recent publication.^[@ref49]^

In order to explicitly calculate the adsorption stress, one needs to know the adsorption isotherm for a pore of given geometry, which can be determined by various means: by theoretical models such as Langmuir,^[@ref69]^ Dubinin,^[@ref70]^ or Derjaguin--Broekhoff--de Boer (DBdB)^[@ref58]−[@ref60]^ equations as well as by molecular simulations based on density functional theory (e.g., refs ([@ref29], [@ref43])) or Monte Carlo methods (e.g., ([@ref27], [@ref34], [@ref39])). Following our earlier work,^[@ref38]^ here we apply the DBdB theory of capillary condensation, since it offers an analytical solution for the entire adsorption process in mesopores including the transitions between film and filled pore state, i.e., capillary condensation and evaporation, respectively. According to DBdB theory, adsorption in a cylindrical mesopore is described by the equivalence of the chemical potential of adsorbed and gaseous phase for given temperature and relative gas pressure *p*/*p*~0~:Here *V*~L~ is the molar volume of the adsorbate in liquid form, *h* is the film thickness of the adsorbed phase, γ~*lv*~ is the liquid--vapor surface energy, and Π(*h*) is the disjoining pressure of the adsorbed film, which is usually determined on a macroporous reference material.

The critical film thickness *h*~c~ at which capillary condensation occurs is given by

The film thickness for equilibrium capillary evaporation *h*~e~ is given by the Derjaguin equation:Here *p*~e~ is the gas pressure corresponding to *h*~e~ according to [eq [6](#eq6){ref-type="disp-formula"}](#eq6){ref-type="disp-formula"}.

The molar amount adsorbed *N*~a~ in film and filled pore regime, respectively, is given for a single cylindrical pore bywhere the correlation of *h* and *p*/*p*~0~ follows again from [eq [6](#eq6){ref-type="disp-formula"}](#eq6){ref-type="disp-formula"}.

As was shown in ref ([@ref38]), the combination of [eq [3](#eq3){ref-type="disp-formula"}](#eq3){ref-type="disp-formula"} with the framework of the DBdB theory leads to the following expressions for the radial stress σ~a,⊥~ in the film and filled pore regime of a cylindrical mesopore, respectively:Here γ~s~ is the surface energy of the dry solid under vacuum conditions, γ~sl~ the surface energy of the wet solid in contact with liquid, and γ~sv~ the surface energy of the solid covered by an adsorption film of thickness *h*. The reduction of the solid surface energy by the adsorption processapplied in [eq [10a](#eq10a){ref-type="disp-formula"}](#eq10a){ref-type="disp-formula"} follows from the Gibbs adsorption equation for a flat surface^[@ref38]^ and (γ~s~ -- γ~sv~(*h*))/*R* is the corresponding stress due to *Bangham's law*([@ref38],[@ref71]) causing monotonic expansion with progressing adsorption. Counteracting the Bangham stress is the Laplace pressure γ~lv~(1/(*R* -- *h*) -- 1/*R*) resulting from the curved liquid vapor interface, which is numerically smaller than the Bangham stress in most cases. Additionally, in the filled pore state ([eq [10b](#eq10b){ref-type="disp-formula"}](#eq10b){ref-type="disp-formula"}) the pore is subjected to *R*~g~*T*/*V*~L~ ln(*p*/*p*~0~), i.e., the classical capillary pressure *p*~cap~. For the second equality in [eq [10b](#eq10b){ref-type="disp-formula"}](#eq10b){ref-type="disp-formula"}, the Frumkin--Derjaguin (FD) equation (see, e.g., refs ([@ref72]) and ([@ref73])) for the cylindrical pore geometry is applied to correlate γ~s~ and γ~sl~ (for details, see the [Supporting Information](http://pubs.acs.org/doi/suppl/10.1021/acs.langmuir.7b00468/suppl_file/la7b00468_si_001.pdf) (SI)):

In direct analogy to [eq [10](#eq10a){ref-type="disp-formula"}](#eq10a){ref-type="disp-formula"}, the combination of [eq [5](#eq5){ref-type="disp-formula"}](#eq5){ref-type="disp-formula"} and DBdB theory yields the axial (tangential) stress σ~a,∥~ inside the cylindrical mesopore (for details, see the [SI](http://pubs.acs.org/doi/suppl/10.1021/acs.langmuir.7b00468/suppl_file/la7b00468_si_001.pdf)):

The quantitatively dominant term in [eq [13a](#eq13a){ref-type="disp-formula"}](#eq13a){ref-type="disp-formula"} is 2γ~sv~(*h*)/*R* corresponding to an axial Bangham stress twice as large as in radial direction ([eq [10a](#eq10a){ref-type="disp-formula"}](#eq10a){ref-type="disp-formula"}). Notably the factor of 2 between Bangham stress in axial and radial direction is intrinsic to the cylindrical geometry and was already reported in previous works, e.g., ref ([@ref71]). In the filled pore regime both stresses σ~a,⊥,filled~ and σ~a,∥,filled~ ([eq [10b](#eq10b){ref-type="disp-formula"}](#eq10b){ref-type="disp-formula"} and [13b](#eq13b){ref-type="disp-formula"}, respectively) are found to be directly proportional to *p*~cap~ fitting the concept of an isostatic capillary pressure. However, axial and radial stress in the filled pore regime are shifted relative to one another by a constant offset γ~sl~/*R*, which again is a result of the cylindrical geometry of the pore. It is important to note that the equality of [eq [13a](#eq13a){ref-type="disp-formula"}](#eq13a){ref-type="disp-formula"} and b describes the equilibrium of grand potential in film and filled pore state (see [eq [5](#eq5){ref-type="disp-formula"}](#eq5){ref-type="disp-formula"}) and therefore corresponds to the condition of capillary evaporation.^[@ref58]^ If the surface energy difference γ~s~ -- γ~sl~ between dry and wet solid is taken from the modified FD equation ([eq [12](#eq12){ref-type="disp-formula"}](#eq12){ref-type="disp-formula"}), the equality of [eq [13a](#eq13a){ref-type="disp-formula"}](#eq13a){ref-type="disp-formula"} and b results in the Derjaguin equation ([eq [8](#eq8){ref-type="disp-formula"}](#eq8){ref-type="disp-formula"}), which implies *p*~0~ ≪ *p*~cap~(*p*~e~/*p*~0~).

3.2. Mechanical Models for Porous Struts with Cylindrical Pores {#sec3.2}
---------------------------------------------------------------

As the simplest model describing the deformation of a porous strut with aligned cylindrical mesopores ([Figure [1](#fig1){ref-type="fig"}](#fig1){ref-type="fig"}), we consider a cylindrical tube of inner radius *R*, outer radius *R*~out~ and therefore porosity ϕ = *R*^2^/*R*~out~^2^ ([Figure [2](#fig2){ref-type="fig"}](#fig2){ref-type="fig"}). This model simplistically represents a unit cell in the strut's pore arrangement shown in [Figure [1](#fig1){ref-type="fig"}](#fig1){ref-type="fig"}.

![Schematic of a single cylindrical tube of inner radius *R*, outer radius *R*~out~ , and length *L*.](la-2017-004687_0002){#fig2}

For comparison with experimental data the potentially relevant deformations of the cylindrical tube are the axial strain, i.e. the relative elongation of the tube ε~a,∥~ = δ*L*/*L*, the circumferential strain, i.e. the relative change of the outer radius ε~a,⊥~ = δ*R*~out~/*R*~out~ , and the volumetric strain, i.e., the relative change ε~a,vol~ of volume occupied by tube and pore. The sought strains follow from the solution of the Lamé problem with boundary conditions provided by the radial (normal) σ~a,⊥~ and axial (tangential) σ~a,∥~ components of the adsorption stress (for details, see the [SI](http://pubs.acs.org/doi/suppl/10.1021/acs.langmuir.7b00468/suppl_file/la7b00468_si_001.pdf)):^[@ref74],[@ref75]^Here *E* and ν are the Young's modulus and the Poisson's ratio of the nonporous solid forming the cylindrical tube, respectively. Notably, above equations imply an isotropic and elastic solid, i.e., *E* and ν are directional and strain independent constants. For [eq [16](#eq16){ref-type="disp-formula"}](#eq16){ref-type="disp-formula"} it was furthermore assumed that axial and circumferential strains are significantly smaller than 1, which is a reasonable approximation for most adsorbate--adsorbent combinations.

A more complex description of the sample structure is a hexagonal lattice of cylindrical pores forming a strut. A respective three-dimensional structure, whose mechanical response to adsorption-induced stress in the mesopores was investigated by the finite element method (FEM),^[@ref76]^ is shown in [Figure [3](#fig3){ref-type="fig"}](#fig3){ref-type="fig"}. To reduce the calculation time we exploited the symmetry of the hexagonal strut modeling only a sixth of it and reducing the strut length compared to the real counterpart by a factor of approximately 20; the latter modification was checked to have no impact on the results of the FEM calculations. In analogy to the cylindrical tube the structural parameters of the FEM model are the length of the strut *L* and the pore radius *R* complemented by the lattice parameter *d*~l~, i.e., the distance between adjacent pore centers, which is related to the pore radius by the porosity of the strut ϕ~strut~ via *d*~l~ = *R*(2π/(ϕ~strut~√3))^1/2^.

![Three-dimensional model used for FEM calculations representing a sixth of a hexagonal strut with cylindrical mesopores arranged on a hexagonal lattice. The reduction to a sixth of the strut follows from the symmetry conditions of the system; the full strut exhibits 217 pores.](la-2017-004687_0003){#fig3}

For the FEM model, the stresses were applied the same way as for the single cylindrical tube, i.e. the radial stress ([eq [10](#eq10a){ref-type="disp-formula"}](#eq10a){ref-type="disp-formula"}) is acting normal to the surface area of the mesopores, while the average axial stress ([eq [13](#eq13a){ref-type="disp-formula"}](#eq13a){ref-type="disp-formula"} and [eq S9](http://pubs.acs.org/doi/suppl/10.1021/acs.langmuir.7b00468/suppl_file/la7b00468_si_001.pdf)) is applied to the solid on the front side of the strut. Furthermore, the strut was assumed to be free-standing without any confinement whatsoever. As for the cylindrical tube mechanical properties of the nonporous solid phase, *E* and ν, are assumed to be constant and isotropic. The FEM calculations were performed with the commercial software SOLIDWORKS 2011. The results evaluated from the output of the FEM calculations are the average strain of the strut length δ*L*/*L* corresponding to ε~*a*,∥~ ([eq [15](#eq15){ref-type="disp-formula"}](#eq15){ref-type="disp-formula"}) and the average strain of the lattice parameter δ*d*~l~/*d*~l~ corresponding to ε~a,⊥~ ([eq [14](#eq14){ref-type="disp-formula"}](#eq14){ref-type="disp-formula"}). Notably, to minimize boundary effects we evaluated δ*d*~l~/*d*~l~ only for pores exhibiting six neighboring pores. Furthermore, we investigated the dependence of the strain δ*d*~l~/*d*~l~ on the number of pores within the strut: in the range of 127 to 217 pores the relative deviations of δ*d*~l~/*d*~l~ were below 0.2%. The applied model is therefore considered sufficiently large to effectively exclude boundary effects.

4. Results and Discussion {#sec4}
=========================

In this section, we apply the theoretical framework presented in [section [3](#sec3){ref-type="other"}](#sec3){ref-type="other"} to the N~2~ (77 K) adsorption and strain isotherms determined by the in situ dilatometry experiment on the hierarchical structured porous silica ([section [2](#sec2){ref-type="other"}](#sec2){ref-type="other"}). Both experimental data sets are presented in [Figure [4](#fig4){ref-type="fig"}](#fig4){ref-type="fig"}. Following the IUPAC recommendations for physisorption of gases^[@ref77]^ the adsorption isotherm of the sample investigated is of type IV(a); its shape including the adsorption hysteresis is characteristic for mesoporous materials. Also the experimental strain isotherm shows similar trends as reported by previous experimental studies on the deformation of mesoporous materials (see, e.g., refs^[@ref6]−[@ref8],[@ref14]^), though the strain hysteresis accompanying the adsorption hysteresis and the net strain at saturation pressure are rather small.

![Upper panel: N~2~ adsorption isotherm of the sample investigated and respective modeling by DBdB theory ([eqs [6](#eq6){ref-type="disp-formula"}](#eq6){ref-type="disp-formula"}--[9](#eq9a){ref-type="disp-formula"}). Full symbols denote adsorption, and open symbols desorption. Lower panel: corresponding strain isotherm determined by the in situ dilatometry experiment.](la-2017-004687_0004){#fig4}

For the analysis of the experimental results we start with the modeling of the N~2~ adsorption isotherm of the sample by the DBdB theory for a cylindrical mesopore ([eqs [6](#eq6){ref-type="disp-formula"}](#eq6){ref-type="disp-formula"}--[9](#eq9a){ref-type="disp-formula"}). Since experimental adsorption isotherms are typically given in terms of specific molar amount adsorbed, we normalize the results from [eq [9](#eq9a){ref-type="disp-formula"}](#eq9a){ref-type="disp-formula"} to the sample mass *m*~sample~, i.e., adsorption isotherms are given as *N*~a~/*m*~sample~. An input parameter for the modeling is the disjoining pressure Π(*h*), which we determined independently from the N~2~ adsorption isotherm of a purely macroporous reference sample (see the [SI](http://pubs.acs.org/doi/suppl/10.1021/acs.langmuir.7b00468/suppl_file/la7b00468_si_001.pdf)).

The first step of the modeling was to determine the pore radius *R* via [eq [8](#eq8){ref-type="disp-formula"}](#eq8){ref-type="disp-formula"} from the experimental relative pressure of capillary evaporation leading to a pore diameter of *d*~DBdB~ = 2R = 4.7 nm. Second, based on [eq [9b](#eq9b){ref-type="disp-formula"}](#eq9b){ref-type="disp-formula"} we adapted the specific surface area of the sample to *S*~DBdB~ = 2π*RL*/*m*~sample~ = 205 m^2^/g to reproduce the experimental amount adsorbed at the plateau in the filled pore regime. As a last step, inserting *R* and *S*~DBdB~ into [eqs [6](#eq6){ref-type="disp-formula"}](#eq6){ref-type="disp-formula"}, [7](#eq7){ref-type="disp-formula"}, and [9b](#eq9b){ref-type="disp-formula"} yielded predictions for the adsorption in the film regime as well as the point of capillary condensation. The resulting theoretical adsorption isotherm is shown in [Figure [4](#fig4){ref-type="fig"}](#fig4){ref-type="fig"} along with its experimental counterpart. The relative pressure of capillary condensation for the theoretical adsorption isotherm is slightly higher than in the experiment, but apart from this the model gives an overall reasonable description of the data. At the same time the numerical values for *d*~DBdB~ and *S*~DBdB~ are in good agreement with *d̅*~meso~ and *S*~BET~, respectively (compare [Table [1](#tbl1){ref-type="other"}](#tbl1){ref-type="other"}). In conclusion, the modeling of the experimental adsorption isotherm by DBdB theory supports that the sample investigated exhibits indeed well-defined cylindrical mesopores and essentially no microporosity.

On a side note, it is generally possible to include a distribution of pore sizes into the modeling process in order to achieve better agreement of experimental and theoretical adsorption isotherms. However, the sample's pore size distribution would also introduce additional (potentially arbitrary) model parameters. Moreover, for the sample investigated, a more accurate description of the adsorption isotherm's hysteresis loop is unlikely, since the pore diameter of *d*~DBdB~ = 4.7 nm is slightly below the commonly accepted application limit of DBdB theory (compare ref ([@ref78])). As a consequence, we refrained from considering a pore size distribution.

Based on the disjoining pressure Π(*h*) and the modeling parameter *R*, we determined the stresses σ~a,⊥~ and σ~a,∥~ according to [eqs [10](#eq10a){ref-type="disp-formula"}](#eq10a){ref-type="disp-formula"} and [13](#eq13a){ref-type="disp-formula"} assuming a common reference point at the evacuated state ([Figure [5](#fig5){ref-type="fig"}](#fig5){ref-type="fig"}). For these calculations, we furthermore applied the surface energy γ~lv~ = 8.88 × 10^--3^ J/m^2^ and molar volume *V*~L~ = 34.66 mol/cm^3^ of liquid N~2~ at *T* = 77.4 K.^[@ref38]^ The constant strain difference in film and filled pore regime was obtained via the FD equation ([eq [12](#eq12){ref-type="disp-formula"}](#eq12){ref-type="disp-formula"}), yielding γ~s~ -- γ~sl~ = 50.6 × 10^--3^ J/m^2^.

![Upper panel: axial and radial stresses derived by [eqs [10](#eq10a){ref-type="disp-formula"}](#eq10a){ref-type="disp-formula"} and [13](#eq13a){ref-type="disp-formula"} and set to zero stress at vacuum conditions. Lower panel: axial and radial strains derived from the stresses in the upper panel for the single cylindrical tube ([eqs [14](#eq14){ref-type="disp-formula"}](#eq14){ref-type="disp-formula"} and [15](#eq15){ref-type="disp-formula"}) and the FEM model ([Figure [3](#fig3){ref-type="fig"}](#fig3){ref-type="fig"}) each multiplied by the Young's modulus *E*. For both models, the Poisson's ratio of the nonporous solid backbone was set to ν = 0.2.](la-2017-004687_0005){#fig5}

As can be seen from [Figure [5](#fig5){ref-type="fig"}](#fig5){ref-type="fig"}, the predicted radial and axial stresses in the pore vary significantly over the whole relative pressure range. For a detailed comparison, we divide the *stress isotherms* into three relative pressure segments: the film region (0 ≤ *p*/*p*~0~ ≤ 0.5), the hysteresis region (0.5 ≤ *p*/*p*~0~ ≤ 0.65) and the filled pore region (0.65 ≤ *p*/*p*~0~ ≤ 1). In the film region the axial and radial stress ([eqs [10a](#eq10a){ref-type="disp-formula"}](#eq10a){ref-type="disp-formula"} and [10b](#eq10b){ref-type="disp-formula"}) differ by a factor of 2 to 3. As described in [section [3.1](#sec3.1){ref-type="other"}](#sec3.1){ref-type="other"}, the numerical dominant Bangham stress in axial direction is twice as large as the Bangham stress in the radial plane of the cylindrical pore for just geometrical reasons; this effect on its own would lead to σ~a,∥~ = 2σ~a,⊥~. On top of that, σ~a,⊥~ is reduced by the Laplace pressure arising from the curved liquid--vapor interface increasing the difference between σ~a,∥~ and σ~a,⊥~ even further.

On the contrary, in the filled pore regime axial and radial stresses are just shifted relative to one another by a constant value, since σ~a,⊥,filled~ and σ~a,∥,filled~ ([eqs [10b](#eq10b){ref-type="disp-formula"}](#eq10b){ref-type="disp-formula"} and [13b](#eq13b){ref-type="disp-formula"}) both depend only on the isostatic capillary pressure *p*~cap~ within the pore. The constant shift between σ~a,⊥,filled~ and σ~a,∥,filled~ results again from the cylindrical geometry of the pore and the corresponding difference of the Bangham stress.

For the intermediate hysteresis regime, characteristic hysteresis loops for axial and radial stress are predicted. The hysteresis shape of the radial stress component corresponds to experimental strain data commonly reported for mesoporous materials, i.e., the stress in the filled state is lower than that for the film covered pore (for details, see ref ([@ref38])), while the reversed hysteresis is obtained for the axial stress. The result for the hysteresis of the axial stress follows from [eq [5](#eq5){ref-type="disp-formula"}](#eq5){ref-type="disp-formula"}, i.e., the axial stress is directly proportional to the negative grand potential of the adsorbate and the filled pore state is energetically lower than the adsorbate film on the pore walls. However, the process of capillary evaporation is a thermodynamic equilibrium transition and consequently there the grand potentials and axial stresses of film and filled pore state are equal.

Applying the derived axial and radial stresses shown in the upper panel of [Figure [5](#fig5){ref-type="fig"}](#fig5){ref-type="fig"} to the mechanical models described in [section [3.2](#sec3.2){ref-type="other"}](#sec3.2){ref-type="other"}, we can predict the axial and circumferential strains of a mesoporous solid, i.e. ε~*a*,⊥~and ε~*a*,∥~ for the cylindrical tube ([eqs [14](#eq14){ref-type="disp-formula"}](#eq14){ref-type="disp-formula"} and [15](#eq15){ref-type="disp-formula"}) as well as δ*d*~*l*~/*d*~*l*~ and δ*L*/*L* for the hexagonal lattice of cylindrical mesopores (see lower panel of [Figure [5](#fig5){ref-type="fig"}](#fig5){ref-type="fig"}). In both models R = 2.35 nm was taken from the modeling of the adsorption isotherm by DBdB theory ([Figure [4](#fig4){ref-type="fig"}](#fig4){ref-type="fig"}); furthermore, for the cylindrical tube ϕ was set to ϕ~*strut*~ = 0.34, while for the lattice model *d*~*l*~ = 7.7 nm was calculated from the results of the sample characterization (compare [Table [1](#tbl1){ref-type="other"}](#tbl1){ref-type="other"}).

The mechanical properties *E* and ν of the nonporous solid backbone of our sample are a priori unknown, but---as said before---are expected to be constant and isotropic. Since this makes the Young's modulus E a simple scaling factor for the strain isotherms, in [Figure [5](#fig5){ref-type="fig"}](#fig5){ref-type="fig"} strain times Young's modulus is plotted. The impact of the Poisson's ratio on the strain isotherms is generally more complex, however, for silica based materials we may estimate ν = 0.20 ± 0.05 based on values reported in literature.^[@ref75]^ As can be seen from [Figure S4](http://pubs.acs.org/doi/suppl/10.1021/acs.langmuir.7b00468/suppl_file/la7b00468_si_001.pdf) for this limited range of ν the variations of ε~*a*,⊥~and ε~*a*,∥~ are rather small making ν = 0.2 a reasonable estimate for considerations preliminary to the actual modeling of experimental data.

The comparison of the strain isotherms ([Figure [5](#fig5){ref-type="fig"}](#fig5){ref-type="fig"}, lower panel) shows that axial and circumferential strains derived for the cylindrical tube and the hexagonal lattice, respectively, are very similar. The axial strains of both models are essentially identical, while the circumferential strain in the hexagonal lattice is slightly lower than for the single tube. The latter is the result of the slight systematic deviation between the thickness of the pore walls applied in both models, which in turn follows from the different cross sections of the cylindrical tube and the hexagonal lattice.^[@ref9]^ However, since the numerical deviations between the strains predicted by the different mechanical models are minor we conclude that the cylindrical tube is a reasonable approximation of the more complex lattice arrangement making it the preferable model for the evaluation of experimental data due to its simple analytical nature.

Comparing axial and circumferential strains in general, we find the strains to be nearly identical in the film regime, while in the filled pore regime the slope of the circumferential strain isotherm is approximately 3 times larger than the slope of the axial strain isotherm, which is a consequence of the applied Poisson's ratio of ν = 0.2. With respect to the stress isotherms ([Figure [5](#fig5){ref-type="fig"}](#fig5){ref-type="fig"}, upper panel) and their previously discussed differences, the similarity between axial and radial strain may appear counterintuitive, but is a simple consequence of the cylindrical pore geometry and its anisotropic response to axial and radial stress (compare [eqs [14](#eq14){ref-type="disp-formula"}](#eq14){ref-type="disp-formula"} and [15](#eq15){ref-type="disp-formula"}).

Finally, we compare the strain data from the in situ dilatometry experiment with the theoretical strains predicted for the cylindrical tube. Based on the network structure of the sample investigated ([Figure [1](#fig1){ref-type="fig"}](#fig1){ref-type="fig"}) we assume that the macroscopically measured strain ε~dil~ is a superposition of theoretical axial and circumferential strains of the cylindrical tubewhere *x* is the relative contribution of the circumferential strain to the macroscopic strain and (1 -- *x*) the respective contribution of the axial strain. This approach corresponds to a simplification of the macroporous strut network to two perpendicularly arranged struts as shown in [Figure [6](#fig6){ref-type="fig"}](#fig6){ref-type="fig"}, where the circumferential and axial deformation of the individual struts is given by the cylindrical tube model. On a side note, *x* = 2/3 represents the situation, where the volumetric strain of the monolith is equal to the volumetric strain of the cylindrical tube ([eq [16](#eq16){ref-type="disp-formula"}](#eq16){ref-type="disp-formula"}), i.e., ε~a,vol~ = 3ε~dil~.

![Model of two perpendicularly arranged struts as a representation of the whole strut network. *x* and 1 -- *x* denote the relative contributions of axial and radial tube strain, respectively, to the effective strain that would be measured in vertical direction.](la-2017-004687_0006){#fig6}

For the quantitative analysis of the experimental strain data, we start from the filled pore state, where axial and circumferential strains are directly proportional to capillary pressure (compare [eqs [10b](#eq10b){ref-type="disp-formula"}](#eq10b){ref-type="disp-formula"} and [13b](#eq13b){ref-type="disp-formula"}). The proportionality of the dilatometric strain in the filled pore regime and capillary pressure is demonstrated in [Figure [7](#fig7){ref-type="fig"}](#fig7){ref-type="fig"}. Based on slope and intercept of the linear fit shown in [Figure [7](#fig7){ref-type="fig"}](#fig7){ref-type="fig"}, dε~dil~/d*p*~cap~ and ε~dil~(*p*~0~), respectively, the combination of [eq [17](#eq17){ref-type="disp-formula"}](#eq17){ref-type="disp-formula"} with [eqs [10](#eq10a){ref-type="disp-formula"}](#eq10a){ref-type="disp-formula"} and [14](#eq14){ref-type="disp-formula"} as well as [eqs](#eq13a){ref-type="disp-formula"}[13](#eq13a){ref-type="disp-formula"} and [15](#eq15){ref-type="disp-formula"} yields two correlations for the model parameters:For [eq [18](#eq18){ref-type="disp-formula"}](#eq18){ref-type="disp-formula"}, it was assumed that the impact of the saturation pressure *p*~0~ on the theoretical strains is quantitatively negligible resulting in the equality of ε~a,⊥~ and ε~a,∥~ at saturation; this is supported by the strain isotherms shown in [Figures [5](#fig5){ref-type="fig"}](#fig5){ref-type="fig"} and [S4](http://pubs.acs.org/doi/suppl/10.1021/acs.langmuir.7b00468/suppl_file/la7b00468_si_001.pdf), where *p*~0~ was included in the calculations. Noteworthy, the reciprocal value of dε~dil~/d*p*~cap~ was denoted as *pore load modulus* by the some of the authors in previous studies;^[@ref8]^ here its value is nearly 200 GPa. As shown in refs ([@ref8]) and ([@ref9]) and illustrated by [eq [19](#eq19){ref-type="disp-formula"}](#eq19){ref-type="disp-formula"}, the pore load modulus is an effective modulus, which depends on various structural and mechanical parameters of the material investigated and should by no means be confused with the Young's modulus of the nonporous backbone *E*.

![Dilatometric strain ε~dil~ for the sample investigated obtained during N~2~ adsorption at 77 K (compare [Figure [4](#fig4){ref-type="fig"}](#fig4){ref-type="fig"}) plotted as a function of the capillary pressure *p*~cap~. Note that the zero of the ordinate axis is suppressed.](la-2017-004687_0007){#fig7}

Inserting [eqs [14](#eq14){ref-type="disp-formula"}](#eq14){ref-type="disp-formula"}, [15](#eq15){ref-type="disp-formula"}, [18](#eq18){ref-type="disp-formula"}, and [19](#eq19){ref-type="disp-formula"} into [eq [17](#eq17){ref-type="disp-formula"}](#eq17){ref-type="disp-formula"} gives the dilatometric strain as a function of the parameters dε~dil~/d*p*~cap~ and *k*, which is another effective mechanical modulus of the sample investigated:While dε~dil~/d*p*~cap~ and ε~dil~(*p*~0~) follow from the fit of the dilatometry signal in the filled pore regime shown in [Figure [7](#fig7){ref-type="fig"}](#fig7){ref-type="fig"}, γ~s~ -- γ~sl~ and *R* were already determined from modeling of the experimental adsorption isotherm and the FD equation. Thus, the modeling of the experimental adsorption isotherm and the linear fit of the strain in the filled pore regime are sufficient to predict *k* and therefore the dilatometric strain isotherm over the whole relative pressure range. [Figure [8](#fig8){ref-type="fig"}](#fig8){ref-type="fig"} shows the dilatometric strain as determined in the experiment and the respective prediction by [eq [20](#eq20a){ref-type="disp-formula"}](#eq20a){ref-type="disp-formula"} as a function of relative pressure and the specific amount adsorbed assuming the stresses σ~a,⊥~ and σ~a,∥~ shown in [Figure [5](#fig5){ref-type="fig"}](#fig5){ref-type="fig"}. Since the application of [eq [18](#eq18){ref-type="disp-formula"}](#eq18){ref-type="disp-formula"} and [19](#eq19){ref-type="disp-formula"} ensures good agreement between experimental and theoretical strain in the filled pore regime, the quality of the prediction has to be evaluated from film and hysteresis regime. Here we see that the model generally underestimates the dilatometric strain. However, while the discrepancy between theory and experiment is particularly pronounced in the low relative pressure regime for *p*/*p*~0~ \< 0.25, it continuously recedes for increasing relative pressure and eventually vanishes at the point of capillary condensation. As a consequence, the hysteresis loop of the strain isotherm is correctly predicted on the qualitative level, i.e., in the hysteresis regime the strain in the filled pore state is lower than in the film state.

![Dilatometric strain ε~dil~ for the sample investigated obtained during N~2~ adsorption at 77 K and the respective prediction from [eq [20](#eq20a){ref-type="disp-formula"}](#eq20a){ref-type="disp-formula"}. The upper panel shows the strains as a function of relative pressure on linear scale, the middle panel as a function of relative pressure on logarithmic scale and the lower panel as a function of specific amount adsorbed. The red dot in upper and middle panel indicates the point of capillary condensation as predicted by the model.](la-2017-004687_0008){#fig8}

Assuming ν = 0.20 ± 0.05, [eqs [18](#eq18){ref-type="disp-formula"}](#eq18){ref-type="disp-formula"} and [19](#eq19){ref-type="disp-formula"} yield the parameters *E* = (92 ± 6) GPa and *x* = 0.33 ± 0.02 for the sample investigated. Based on the structure shown in [Figure [6](#fig6){ref-type="fig"}](#fig6){ref-type="fig"} the ratio (1 -- *x*)/*x* should correspond to the average ratio of strut length to strut diameter within our sample, which can be estimated from SEM images ([Figure [1](#fig1){ref-type="fig"}](#fig1){ref-type="fig"}) in the range of 2--5 resulting in *x* ≈ 0.26 ± 0.06. Therefore, the numerical value of *x* obtained from our model is approximately in line with expectations. Furthermore, *x* \< 0.5 emphasizes that the dilatometric strain predicted by [eq [20](#eq20a){ref-type="disp-formula"}](#eq20a){ref-type="disp-formula"} is dominated by the axial strain of the mesoporous struts as would be intuitively assumed. The value for *E* obtained from our model is of a reasonable order of magnitude but appears rather high when e.g. compared to fused silica exhibiting *E* = 73 GPa.^[@ref79]^ At this point, it should be noted, that modeling of the experimental strain isotherm is also possible for a given value of *x* such as *x* = 2/3 corresponding to ε~dil~ = ε~a,vol~/3 or *x* = 1 corresponding to ε~dil~ = ε~a,⊥~; in this case [eqs [18](#eq18){ref-type="disp-formula"}](#eq18){ref-type="disp-formula"} and [19](#eq19){ref-type="disp-formula"}, directly yield the mechanical parameters *E* and ν. However, for increasing *x* and consequently decreasing contribution of axial strain to the dilatometric strain *E* and ν increase beyond above given values into a range, which appears highly unreasonable for a silica based material. We therefore conclude that consideration of the axial strain ε~a,∥~ is crucial to understand the adsorption-induced deformation of the hierarchically structured porous silica as seen by dilatometry.

Regarding the origin of the quantitative deviations between model and experiment, in particular with respect to the Young's modulus *E*, two major explanatory approaches come to mind:

\(i\) The simplistic model of the strut network shown in [Figure [6](#fig6){ref-type="fig"}](#fig6){ref-type="fig"} neglects potential bending and rearrangement of struts within the network. If the struts bend during the adsorption process, some of their strain is redirected into the macropore volume and consequently the actual strain of the struts is larger than the strain of the network monitored by in situ dilatometry. The Young's modulus evaluated by our model would thus increase beyond its actual value. The origin of strut bending could be mechanical confinement imposed on the struts by the knots within the network or slight inherent distortions of the cylindrical mesopores within struts. Also the extent of strut bending may increase with the adsorption-induced strain inside the strut.

\(ii\) The mechanical parameters of the nonporous backbone forming the mesoporous walls are assumed to be isotropic and independent of adsorption as well as strain. While effect (i) potentially causes apparent changes of the mechanical parameters, there may also be actual changes of the stiffness of the nonporous backbone resulting from the strain of the nonporous phase or the adsorption process (see, e.g., refs ([@ref80]) and ([@ref81])).

5. Conclusions {#sec5}
==============

We extended the adsorption stress model for cylindrical mesopores to account for the inherent anisotropy of the cylindrical geometry. This extension leads to the conclusion that adsorbates in cylindrical mesopores exhibit qualitatively and quantitatively different stress components in radial and axial direction of the pore. Explicit expressions for the different stress components were obtained within the theoretical framework proposed by Derjaguin, Broekhoff, and de Boer providing clear analytical solutions. Applying the predicted adsorption stress tensor components to the mechanical models of an individual cylindrical tube and the hexagonal array of cylindrical pores revealed that the tube model is a sufficient approximation of the more complex lattice arrangement. The connection of the extended adsorption stress model, the theory of Derjaguin, Broekhoff, and de Boer and the cylindrical tube model resulted in an analytical description of anisotropic deformation of materials with cylindrical mesopores. Notably, the applied approach could easily be transferred to other pore geometries, in particular, the commonly used slit-shaped pore model.

Applying the proposed theoretical approach to experimental adsorption and strain isotherms measured on a sample of hierarchically structured porous silica, we obtained qualitatively and partially quantitatively consistent descriptions of the experimental data. The analysis clearly suggests that the strain of hierarchically structured silica is dominated by the stress in the axial direction of cylindrical pores, which was previously disregarded. The structural and mechanical parameters obtained from our model are in reasonable agreement with expectations derived from independent measurements or literature. Although there are factors discussed above that may be responsible for the quantitative discrepancies between experimental and predicted strain (in particular the simplification of the macropore structure), the major mechanisms of the sample's adsorption-induced deformation are apparently covered by the proposed model.

Following our previous work,^[@ref26]^ strain isotherms obtained from in situ scattering techniques would be a valuable set of data complementing the presented dilatometric measurement. The advantage of in situ scattering techniques is their capability of directly probing the radial strain on the pore level,^[@ref8],[@ref22],[@ref26]^ i.e., ε~a,⊥~ within our model ([Figure S5](http://pubs.acs.org/doi/suppl/10.1021/acs.langmuir.7b00468/suppl_file/la7b00468_si_001.pdf)). Unfortunately, the in situ scattering setup available to us works at ambient conditions only and thus requires adsorbates such as water or pentane, which are significantly more challenging with respect to the modeling of the adsorption process compared to nitrogen. Furthermore, the resolution of adsorption-induced strain as seen by in situ scattering techniques is about 10^--4^, corresponding to half of the maximum strain detected for the investigated sample by in situ dilatometry ([Figure [8](#fig8){ref-type="fig"}](#fig8){ref-type="fig"}). Therefore, even when available, in situ scattering experiments performed for N~2~ adsorption at 77 K would probably not be able to provide experimental data of sufficient accuracy to validate the results presented in this work. Future work will therefore focus on material--adsorbate combinations exhibiting larger adsorption-induced strains, which can be investigated by in situ dilatometry and in situ scattering techniques, while still allowing for the application of the presented theoretical framework.

The Supporting Information is available free of charge on the [ACS Publications website](http://pubs.acs.org) at DOI: [10.1021/acs.langmuir.7b00468](http://pubs.acs.org/doi/abs/10.1021/acs.langmuir.7b00468).Derivation of the Frumkin--Derjaguin equation for cylindrical pores; derivation of the axial stress in the cylindrical pore according to DBdB theory; solution of the Lamé problem for the cylindrical tube; determination of the reference isotherm for DBdB theory; dependence of axial and circumferential strain on the Poisson's ratio; prediction of strain isotherm from in-situ scattering ([PDF](http://pubs.acs.org/doi/suppl/10.1021/acs.langmuir.7b00468/suppl_file/la7b00468_si_001.pdf))
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